Abstract. We consider locally conformal Kähler geometry as an equivariant (homothetic) Kähler geometry: a locally conformal Kähler manifold is a (equivalence class of) pair (K, Γ) where K is a Kähler manifold and Γ a discrete Lie group of biholomorphic homotheties acting freely and properly discontinuously. We define a new invariant of a locally conformal Kähler manifold (K, Γ) as the rank of a natural quotient of Γ, and prove its invariance under reduction. This equivariant point of view leads to a proof that locally conformal Kähler reduction of compact Vaisman manifolds produces Vaisman manifolds and is equivalent to a Sasakian reduction. Moreover we define locally conformal hyperkähler reduction as an equivariant version of hyperkähler reduction and in the compact case we show its equivalence with 3-Sasakian reduction. Finally we show that locally conformal hyperkähler reduction induces hyperkähler with torsion (HKT) reduction of the associated HKT structure and the two reductions are compatible, even though not every HKT reduction comes from a locally conformal hyperkähler reduction.
Introduction
Symplectic reduction was already extended to many other structures defined by a closed form. Among them, recently arrived in the field, is the reduction of locally conformal Kähler structures, see [GOP05] . One of the main results in the above paper concerned the conditions under which a particular class of compact locally conformal Kähler manifolds, namely Vaisman manifolds, is preserved by reduction.
Compact Vaisman manifolds are, in a certain way, equivalent to Sasakian manifolds, as their universal cover is a Riemannian cone over a Sasakian manifold. This was implicit in [KO01] and was made explicit in [GOP05] . On the other hand, the Structure Theorem in [OV03] proves that any compact Vaisman manifold is a Riemannian suspension over a circle, with fibre a compact Sasakian manifold.
It is one of the purposes of the present paper to make clear the distinction between these two results in the language of presentations. More precisely, in [GOP05] the authors verified that considering a locally conformal Kähler manifold as a pair (K, Γ), K Kähler and Γ acting by biholomorphic homotheties, provides an interesting insight in locally conformal Kähler and Vaisman geometry. Those are considered as equivariant versions of Kähler and Sasakian geometry, considered as homothetic geometries. The "distance" from the Kähler (Sasakian) geomety of K is measured by a new invariant, the rank of the manifold (K, Γ), that we define as the rank of the non-isometric part of the action of Γ. In this paper we aim at delimiting how much this language can be considered to be exhaustive, that is, to answer the question: can locally conformal Kähler and Vaisman geometry of a manifold be completely described by a presentation of its?
The answer is generally yes, with two proviso:
• among the presentations defining a same manifold, there are some presentations "more equal" than others, namely, the "biggest" and the "smallest" one; • we are only able to perfectly fit the notion of Vaisman manifold in this framework if the manifold is compact; more precisely, given a presented non-compact locally conformal Kähler manifold, we only have a sufficient -non necessary, as far as we knowcondition for it to be Vaisman. This paper provides the techniques to manage the first limitation, but the second points out a present limit of the equivariant point of view, which we try to face in Remarks 4.7 and 5.11. Nevertheless the use of presentations leads already to easy proofs of several interesting properties. In particular we completely drive locally conformal Kähler reduction, as defined in [GOP05] , to Kähler reduction, and, in the compact Vaisman case, to Sasakian reduction.
Indeed, here we prove the following Theorem.
Theorem. The locally conformal Kähler reduction of a compact Vaisman manifold is a Vaisman manifold.
This result depends heavily on a rather striking and more general one, namely: all the isometries of the cone metric over a compact Riemannian manifold project to identities of the generator lines.
Vaisman manifolds appear naturally also in quaternionic geometry: every compact locally conformal hyperkähler manifold is Vaisman, see [PPS93] . Beside their interest as a living structure in Hermitian quaternionic geometry (see, for instance, the classification in [CS04] ), the interest for locally conformal hyperkähler manifolds is also motivated by their close relation to 3-Sasakian structures, see [OP97] , and to HKT structures, see [OPS03] . It is then only natural to place Vaisman reduction in the context of locally conformal hyperkähler reduction, which we define and study in the language of presentations, this yielding to an easy construction of locally conformal hyperkähler reduction: this is completely induced by hyperkähler reduction, hence the interaction with Joyce's hypercomplex reduction and with HKT reduction is naturally managed.
The structure of this paper analyses each of the three main contexts (locally conformal Kähler geometry, Vaisman geometry, locally conformal hyperkähler geometry) from two points of view: first the definition and properties of presentations, then the definition and properties of maps, hence of reduction: the point of view is still a categorical one, even though the language of category is never explicitly mentioned. Hence in Section 2 the notion of presentation of a locally conformal Kähler manifold is defined, and accordingly a new equivalent definition of locally conformal Kähler manifold is introduced, together with the notion of rank. In Section 3 locally conformal Kähler automorphisms and twisted Hamiltonian actions are restated in terms of presentations, and reduction is reconstructed as an equivariant process, with some detail, also leading to the fact that rank is closed under reduction. In Section 4 presentations of (compact) Vaisman manifolds are explained, and it is proven that compact Vaisman manifolds all have rank 1. In Section 5 a complete characterization of Vaisman automorphisms is given, thus leading to the main Theorem that the reduction of compact Vaisman manifolds is always Vaisman: in order to obtain this statement several interesting results are provided, linking even more clearly compact Vaisman geometry with Sasakian geometry (Proposition 5.1, Theorems 5.2, 5.5, 5.6). In Section 6 the language is shifted to the hypercomplex context, where some more rigidity appears, leading to a sufficient condition for a hyperkähler manifold to be a cone on a 3-Sasakian manifold (Theorem 6.5); in Section 7 locally conformal hyperkähler reduction is defined, in pure equivariant terms (Theorem 7.1); finally in Section 8 the link with Joyce reduction and HKT geometry are explored. Acknowledgements. R.G. thanks Paul Gauduchon for his warm interest on the language of presentations. L.O. is grateful to Alex Buium, James Montaldi and Juan-Pablo Ortega for very useful discussions about group actions on manifolds. All the authors are grateful to Charles Boyer and Kris Galicki for useful remarks on Theorem 6.5.
Presentations of locally conformal Kähler manifolds
Usually, a locally conformal Kähler manifold is a conformal Hermitian manifold (M, [g]) such that g is conformal to local Kähler metrics. The conformal class [g] corresponds to a unique cohomology class [ω g ] ∈ H 1 (M), whose representative ω g is defined as the unique closed 1-form satisfying dΩ g = ω g ∧ Ω g , where Ω g denotes the fundamental form of g. The 1-form ω g is called the Lee form of g.
Let M be a complex manifold of complex dimension at least two. If there exists a complex covering spaceM of M admitting a Kähler metric g K and such that π 1 (M) acts on it by holomorphic homotheties, then one obtains a locally conformal Kähler structure [g] on M by pushing forward locally g K and glueing the local metrics via a partition of unity. More explicitly, in the conformal class [g K ] there exists a π 1 (M)-invariant metric e f g K , which induces a locally conformal Kähler metric on M.
Conversely, let (M, [g]) be a locally conformal Kähler manifold. The pull-back of any Lee form to the universal coveringM is exact, saỹ ω g = df , and e −fg turns out to be a Kähler metric onM, such that π 1 (M) acts on it by holomorphic homotheties. According to the fact that the Kähler metric e −fg is defined up to homotheties, this paper is concerned with homothety classes of Kähler manifolds. In a homothetic Kähler manifold K we denote Hom(K) the group of biholomorphic homotheties, and ρ K : Hom(K) → R + the group homomorphism associating to a homothety its dilation factor, that is, defined by f * g = ρ K (f )g. Remark that both ρ K and Isom(K) = ker ρ K are well-defined for a homothetic Kähler manifold K.
Remark 2.1. Note that this puts rather severe restrictions on the groups that can be fundamental groups of locally conformal Kähler manifolds: there are groups, for instance the ones generated by elements of finite order, as SL(2, Z), which do not send any non-trivial homomorphism to R + .
What above means that every locally conformal Kähler manifold can be obtained by a homothetic Kähler manifold K and a discrete Lie group Γ ⊂ Hom(K) acting freely and properly discontinously on K. This motivates the following Definition. Definition 2.2. A pair (K, Γ) is a presentation if K is a homothetic Kähler manifold and Γ a discrete Lie group of biholomorphic homotheties acting freely and properly discontinously on K. If M is a locally conformal Kähler manifold and M = K/Γ (as locally conformal Kähler manifolds, that is, they are conformally and biholomorphically equivalent), we say that (K, Γ) is a presentation of M.
Example 2.3. The most classical examples of locally conformal Kähler manifolds are the Hopf surfaces. Following Kodaira, a Hopf surface is any compact complex surface with universal covering C 2 \ 0. Since any discrete group of biholomorphisms of C 2 \ 0 is of the form H ⋊ Z, where H is a finite group (see [Kod64, Kod66, Kod68a, Kod68b] ), any locally conformal Kähler metric on a Hopf surface can be given as a Kähler metric on C 2 \ 0 such that H ⋊ Z acts by homotheties. In this setting, H ⋊ Z acts by homotheties for dz 1 ⊗ dz 1 + dz 2 ⊗ dz 2 if and only if H is trivial (that is, if the Hopf surface is primary), the action of Z is diagonal (that is, if the Hopf surface has Kähler rank 1), and the diagonal action (z 1 , z 2 ) → (αz 1 , βz 2 ) is given by complex numbers α, β of same lenght |α| = |β|. All other cases has been settled in [GO98] and [Bel00] .
Example 2.4. A very recent example of locally conformal Kähler manifold is described in [OT] . For any integer s ≥ 1, the authors construct a group Γ acting freely and properly discontinously by biholomorphisms on H s ×C (where H denotes the upper-half complex plane). The Kähler form such that Γ acts by homotheties is i∂∂F , where the Kähler potential F on H s × C is given by
Note that for s = 1 this construction recovers the Inoue surfaces S M described in [Ino74] .
Definition 2.5. Let (K, Γ) be a presentation. The associated maximal presentation is (K,Γ), whereK is the homothetic Kähler universal covering of K andΓ is the lifting of Γ toK. Then
is called the associated minimal presentation.
Remark 2.6. The maximal and minimal presentations associated to (K, Γ) depend only on the locally conformal Kähler manifold K/Γ.
The presentation of a locally conformal Kähler manifold is of course not unique, but the maximal and minimal presentations are unique asΓ, Γ min -spaces respectively. This means that they can be used to distinguish between different locally conformal Kähler manifolds, as suggested by the following two Definitions.
. The = sign means that there exists an equivariant map, namely, there exists a pair of maps (f, h), where f :K →K ′ is a biholomorphic homothety, h :Γ →Γ ′ is an isomorphism and for any γ ∈Γ, x ∈K we have f (γx) = h(γ)f (x). Equivalently, we say that (K, Γ) is equivalent to For any presentation (K, Γ), since ρ K (Γ) is a finitely generated subgroup of R + , it is isomorphic to Z r , for a certain r a priori depending on the presentation (K, Γ). The next Proposition shows that r is actually an invariant of the locally conformal Kähler structure. This invariant encodes the "locally conformal" part of the structure, the Kähler part being encoded by ker ρ K . Proof: The maximal presentation (K,Γ) depends only on [(K, Γ)]. Remark that Γ =Γ/π 1 (K) and that π 1 (K) ⊂ ker ρK (see Remark 2.9). Moreover the following diagram (where the vertical arrow is a surjection) commutesΓ
and this implies that Imρ K = ImρK, hence the claim.
Definition 2.11. The rank of a locally conformal Kähler manifold M is the non-negative integer r M given by the previous Proposition. Proof: Since ρK(π 1 (M)) is abelian, the commutator [π 1 (M), π 1 (M)] is a subgroup of ker ρK. Thus,
Moreover, by Remark 2.9, r M = 0 if and only if M is globally conformal Kähler. Finally, if b 1 (M) = 1, the manifold cannot admit any globally conformal Kähler structure, hence r M = 1.
Example 2.13. The examples M s = (H s × C)/Γ given in 2.4 and described in [OT] satisfy rank(M s ) = s, for any integer s ≥ 1.
Remark 2.14. It is worth noting that r M = 1 does not imply b 1 = 1. We shall see in Corollary 4.6 that all compact Vaisman manifolds have rank 1, but one can obtain examples with arbitrarily large b 1 by taking induced Hopf bundles over curves of large genus in CP 2 .
This picture of Definitions and Remarks is summarized in the following diagram, which also clarifies the terminology maximal and minimal. The vertical arrows are covering maps via the action of isometries, the transversal arrows are covering maps via the action of homotheties, and r = r M is the rank of the locally conformal Kähler manifold. Coherently with our setting, we would like to describe Lck(M) in terms of presentations, and a natural candidate is given in the following Definition.
Definition 3.2. Let (K, Γ) be a presentation. Denote by Hom Γ (K) the Lie group of Γ-equivariant biholomorphic homotheties of K.
The problem is that the existence of a lifting to K is generally not granted, apart from the trivial case of the maximal presentation (K,Γ). It is exactly in this context that the notion of minimal presentation shows its relevance. Proposition 3.3. Let (K, Γ) be a presentation, and let f be any homothety of K commuting with Γ. Then f commutes with Isom(K) ∩ Γ.
Corollary 3.4. Let M be a locally conformal Kähler manifold and
Proof: Any biholomorphic conformal transformation f of M lifts to a biholomorphic homothetyf ofK. Then by Proposition 3.3 the mapf commutes with Isom(K) ∩Γ, and induces a biholomorphic homothety Proof: Denote by p the covering associated to the minimal presentation.
In view of Corollary 3.4, f lifts to the minimal presentation, hence
On the other hand p * (π 1 (K min )) is the group whose action onK produces K min , and by definition this is the subgroup ofΓ = π 1 (M) acting onK by isometries.
The following diagram pictures this setting and adopts a convention we are trying to stick to, that is, we use˜ when we refer to something related to the maximal presentation, and min for something related to the minimal presentation.
Moreover, any Lie subgroup G of Lck(M) yields Lie subgroupsG,
Definition 3.6. A connected Lie subgroup G of Lck(M) is twisted Hamiltonian if the identity componentG
• ofG is Hamiltonian onK. Equivalently, G is twisted Hamiltonian if the identity component G
• min of G min is Hamiltonian on K min . Accordingly, we say that a map µ : g → C ∞ (M) (or equivalently a map µ : M → g * ) is a momentum map for the action of G on M if it is the quotient of the corresponding momentum mapμ onK, or equivalently if it is the quotient of the corresponding momentum map µ min on K min .
Remark 3.7. The connected components are necessary to insure the existence of the momentum mapsμ and µ min .
Remark 3.8. If G acts freely and properly on µ −1 (0) thenG • acts freely and properly onμ −1 (0) and G
• min acts freely and properly on µ −1 min (0). Proof: Assume that the action of a group G is proper on a manifold X and lifts to a covering X ′ , and let G ′ be the identity component of the lifted action. Let K ′ ⊂ X ′ × X ′ be compact, and let
converges to (y 0 , x 0 ) and since the action of G on X is proper then
) hence that the lifted action is proper. The freedom of the lifted action is straightforward.
This notion of twisted Hamiltonian action coincides with the one given in [GOP05] , and starts a reduction process.
In view of defining a reduction process in terms of presentations (and since of course we would like this process to be equivalent to the one given in [GOP05] ), we give here some technical details (marked by the \footnotesize environment) regarding the reduction in [GOP05] , in terms of the maximal presentation (K,Γ).
First, we need some additional topological conditions on the zero set of the moment map, that is, we suppose µ −1 (0) non-empty, 0 a regular value for µ and the action of G free and proper on µ −1 (0). Then, some notations. Callπ the covering map ofK over M , whose covering maps are given byΓ. Points inK are denoted byx, and this of course means also thatπ(x) = x, where x ∈ M . Elements ofG
• lifting g ∈ G are denoted byg. Then,G
• acts freely and properly on the non-emptyμ −1 (0), and the Kähler reductionK/ /G
• is defined. We show here thatΓ isG
Indeed, take a pointx ∈K, and consider the intersectioñ
This is clearly closed, and it can be easily shown to be also open in bothγG
x). Thus (remember thatG
• is connected), we obtain Formula (3.2). The fact thatΓ isG
• -equivariant means thatΓ acts on the Kähler reductioñ K/ /G
• by biholomorphic homotheties. In particular, we have a diffeomorphism
We claim thatΓ acts properly discontinously onK/ /G • . In fact, the quotient could not be Hausdorff otherwise.
Suppose now that there exists γ ∈Γ with a fixed pointG •x inK/ /G • . Then we can findg such that γx =gx, and this implies g(x) = x on M . Since the action of G on M is free by hypothesis, we have g = Id M . This means thatg is actually iñ Γ, and since it coincides with γ onx it must be exactly γ. We have proven that
Summing up, we have proven the following Theorem.
Theorem 3.9. Let M be a locally conformal Kähler manifold. Let G ⊂ Lck(M) be twisted Hamiltonian, and suppose that µ −1 (0) is nonempty, 0 is a regular value for µ and the action of G is free and proper on µ −1 (0). Then
is a presentation of the locally conformal Kähler reduction M/ /G.
Theorem 3.9 works the same way if we substitute the maximal presentation with the minimal presentation. In this case, since
we obtain the following Corollary. 
In particular, this implies that the rank is preserved under reduction. 
This discussion motivates the hypothesis in the following Definition.
Definition 3.12. Let [(K, Γ)] be a locally conformal Kähler manifold. Let G be a connected Hamiltonian subgroup of Hom Γ (K) (this implies that Γ is G-equivariant) with Kähler momentum map µ : K → g * . Suppose that µ −1 (0) is non-empty, 0 is a regular value for µ and the action of G is free and proper on µ −1 (0), so that the Kähler reduction K/ /G is defined. Suppose moreover that the action of Γ on K/ /G be properly discontinous, and that the action of Γ/(Γ ∩ G) on K/ /G be free. Then
is the reduction of the locally conformal Kähler manifold [(K, Γ)].
Vaisman presentations
In the category of locally conformal Kähler manifolds, a remarkable subclass is given by the so-called Vaisman manifolds, after the name of the author that first recognized their importance [Vai82] . They are usually defined as locally conformal Kähler manifolds having parallel Lee form, and this definition belongs to the Hermitian setting. In the compact case, it is possible to define Vaisman manifolds using the point of view of presentations. Thus, whenever M is a compact Vaisman manifold,K is replaced by C(W ) and K min is replaced by C(W min ), whereW is a simply connected Sasakian manifold and W min is the "smallest" Sasakian manifold such that its Kähler cone C(W min ) covers M. Moreover, the additional property ofΓ, Γ min commuting with the radial flow holds. (z 1 , . . . , z n ) → (α 1 z 1 , . . . , α n z n ), where α i are complex numbers of equal lenght = 1. Then Γ acts by homotheties for the standard metric dz 1 ⊗ dz 1 + · · · + dz n ⊗ dz n , and the resulting H α 1 ,...,αn is locally conformal Kähler. Moreover, since C n \ 0 with the standard metric is the Kähler cone of the standard Sasakian structure on the sphere S 2n−1 , and Γ commutes with the radial flow, the Hopf manifold H α 1 ,...,αn is Vaisman. The case of α i generic is settled in [KO01] deforming the standard Sasakian structure on the sphere, thus obtaining a Vaisman structure on any H α 1 ,...,αn . The hypothesis of compactness is crucial in proving Lemma 2.2 of [KO01] , which implies that the universal covering has the cone structure, and Theorem 2.3 of [OV03] , which implies the Structure Theorem. What is in fact invoked in both cases is the property that in compact Vaisman manifold the smallest Lie subgroup of Lck(M) containing the flow of the Lee field is a compact group. We can then state that both results are true for the (wider) class of Vaisman manifolds holding this property. In particular any non-compact Vaisman manifold with this property can be presented by (C(W ), Γ), and for the minimal presentation Γ = Z -even though W is not compact.
A natural conjecture can then be stated.
Conjecture. All Vaisman manifolds can be presented by (C(W ), Γ).

Vaisman automorphisms and reduction
At this point, we are left with the description of automorphisms for Vaisman presentations. Given the fact that the additional structure in the Vaisman case is the compatibility of Γ with the radial flow, we could define Sas(M) as those maps f ∈ Lck(M) such thatf (or equivalently, as we will see, f min ) commutes with the radial flow: in fact commuting with the radial flow implies reducing to the Sasakian structure of the base of the cone, due to the following statement, which can be proven by direct computation.
Proposition 5.1. Let W be a Sasakian manifold and let f be a homothety of its Riemannian cone C(W ) with dilation factor ρ f . Suppose moreover that f commutes with the radial flow φ s given by φ s (w, t) = (w, s · t). Then f (w, t) = (ψ f (w), ρ f · t), where ψ f is an isometry of W . In particular, the isometries of W are the isometries of the cone C(W ) commuting with the radial flow φ s .
Hence Sas(M) can be equivalently defined as the group of locally conformal Kähler automorphism induced by the Sasaki automorphisms of the base of the maximal cone via
The first result of this Section, in Theorem 5.5, is that the additional hypothesis on a Γ-invariant automorphism of commuting with the radial flow is actually redundant, hence Sas(M) = Lck(M).
The main tool to prove the equivalence is the following Theorem, together with the Structure Theorem in [OV03] .
Theorem 5.2. For any compact Riemannian manifold W all the homotheties of the cone C(W ) are given by (w, t) → (ψ(w), ρ · t), where ρ is the dilation factor and ψ is an isometry of W . In particular, all the isometries of the cone C(W ) come from those of W .
Proof: Let d andd be the distances on W and on the cone W × R + , respectively. The metric completion (W × R + ) * ofd is obtained by adding just one point, which we call the origin 0. This can be seen as follows.
Since the cone metric is given byg = dr 2 + r 2 g, the length of germs of curves [γ
(t)] = [(w(t), r(t))] satisfies g(γ(t),γ(t))
1/2 = (ṙ 2 (t) + r 2 (t)g(ẇ(t),ẇ(t))) 1/2 ≥ |ṙ(t)|, and this implies the following inequality ford:
Thus if {(w n , r n )} is a Cauchy sequence not converging in W × R + then r n → 0. If (w, r), (v, s) are points of W × R + , then the triangular inequality implies that d((w, r), (v, s)) ≤ min{r, s}d(w, v) + |s − r|.
It follows that if {(w n , r n )}, {(v n , s n )} are Cauchy sequences not converging in W × R + , thend((w n , r n ), (v n , s n )) → 0. Next, observe that every isometry of the Riemannian cone W × R + can be extended by mapping 0 → 0 to a trasformation of (W × R + ) * preservingd * , that is preserving rays and level submanifolds of the cone. This means that every isometry of the cone W × R + is of the form (ψ, Id R + ), where ψ is an isometry of W . The claim for a general homothety follows.
Remark 5.3. Note that to prove that r n → 0 we only need the completeness of W , whereas to prove thatd((w n , r n ), (v n , s n )) → 0 we need its compactness. Moreover, the compactness hypothesis is essential to complete the cone metric with only one point: take for example W = R, and the Cauchy sequences {(−n, 1/n)}, {(n, 1/n)}.
The following statement is a small detour.
Corollary 5.4. Let Γ be a discrete Lie group of homotheties acting freely and properly discontinously on a Riemannian cone C(W ), where W is a compact Riemannian manifold. Then Γ ≃ I ⋊ Z, where I is a finite subgroup of isometries of W .
Proof: Let ρ : Γ → R + be the map defined by the dilation factor of elements of Γ. Note that if ρ(Γ) is not cyclic, then it contains two elements α, β such that log α/ log β is irrational. This in turn implies that ρ(Γ) is dense in R + , a fact which, together with the compactness of W , contradicts the proper discontinuity of Γ. Thus ρ(Γ) ≃ Z. Moreover, since isometries on a Riemannian cone C(W ) are actually isometries of the base space W by Theorem 5.2, the proper discontinuity of Γ and the compactness of W imply that the normal subgroup I = ρ −1 (1) of isometries in Γ is finite, and Γ is a finite extension of Z
This implies that Γ ≃ I ⋊ Z.
We can now prove the first result of this section.
Theorem 5.5. Let M be a compact Vaisman manifold and let f ∈ Lck(M). Let (C(W ), Γ) be a Vaisman presentation of M and suppose there exists a lifting
where ψ f ′ is a Sasakian automorphism of W . Hence
Proof: Consider the following diagram.
Since C(W min ) is Kähler, it follows that the covering maps of π are isometries. According to Theorem 4.1 and Proposition 5.1, π is given by a projection of Sasakian manifolds. Moreover, f min = ψ × ρ by Theorem 5.2, and the diagram becomes the following:
This implies
This last equation implies that f ′ 1 (w, R) is discrete in W min , and
To end the proof, note that f ′ being a Kähler automorphism forces f ′ 1 to be a Sasakian automorphism.
The following is Diagram (3.1), adapted to the compact Vaisman case.
t t t t t t t t
the notion of twisted Hamiltonian action for compact Vaisman manifolds was partially linked to the cone structure of the presentation. Those locally conformal Kähler automorphisms induced by isometries of a covering cone of the form 
Theorem 5.6. The action of a connected group G on a compact Vaisman manifold M is twisted Hamiltonian if and only if it is by Vaisman automorphisms; if moreover the topological hypothesis of the Reduction Theorem are satisfied then
Proof: That the action of a group of Vaisman automorphisms admits a momentum map, hence is twisted Hamiltonian, is proven in Theorem 5.13 of [GOP05] . Vice versa let G be any twisted Hamiltonian connected Lie subgroup of Lck(M). Since Lck(M) = Sas(M) the elements ofG
• are of the form → M is the covering given by the minimal presentation of a compact Vaisman manifold and π the projection of the cone onto its radius, it is easy to check that π is equivariant with respect to the action of the covering maps on C(W min ) and the action of n ∈ Z on t ∈ R given by n + t. This describes in an alternative way the projection over S 1 of the Structure Theorem in [OV03] , and moreover provides a structure theorem for other types of locally conformal structures, where the compactness of the base of the cone is given by other ways (see [IPP04] for an application to G 2 , Spin(7) and Spin(9) structures).
Remark 5.11. In Remark 4.7 we deduced that both the result of [KO01] on universal coverings and the Structure Theorem of [OV03] are true for a non-compact Vaisman manifold M whose Lee flow has compact closure in Lck(M). Instead, our proof of the Theorem in the Introduction does not work for this class of Vaisman manifolds (wider than compact manifolds, but a priori smaller than non-compact ones), since Theorem 5.5 needs compactness of the base of the presenting cone.
Locally conformal hyperkähler presentations
Usually, a locally conformal hyperkähler manifold is a conformal hyperhermitian manifold (M, [g]) such that g is conformal to local hyperkähler metrics.
The same way as for locally conformal Kähler manifolds, we observe that a hyperkähler manifold H and a discrete Lie group Γ of hypercomplex homotheties acting freely and properly discontinously on H give rise to a locally conformal hyperkähler manifold H/Γ, and vice versa that every locally conformal hyperkähler manifold can be viewed this way.
The hard part of the work being already done in the locally conformal Kähler setting, we sketch here the Definitions and properties shared in the hyperkähler case. For the sake of simplicity, we don't use a different notation/terminology. Definition 6.1. Given a homothetic hyperkähler manifold H and a discrete Lie group Γ of hypercomplex homotheties acting freely and properly discontinously on H, the pair (H, Γ) is called a presentation. If a locally conformal hyperkähler manifold M is given, and M = H/Γ as locally conformal hyperkähler manifolds, we say that (H, Γ) is a presentation of M.
As before, the maximal and the minimal presentations are defined, and gives a way to distinguish between equivalent presentations. Example 6.3. Let q ∈ H\0 be a non-zero quaternion of lenght different from 1. Then the right multiplication by q generates a cocompact, free and properly discontinous action of homotheties on H n \0 equipped with the standard metric. Denote by Γ the infinite cyclic group h → h · q . Then (H n \ 0, Γ) is a compact locally conformal hyperkähler manifold, called a quaternionic Hopf manifold.
By definition, any locally conformal hyperkähler manifold is locally conformal Kähler, but much more is true in the compact case. Example 6.7. For the quaternionic Hopf manifold given in Example 6.3, the 3-Sasakian manifold W given by Theorem 6.5 is the standard sphere S 4n−1 .
Locally conformal hyperkähler reduction
Let [(H, Γ)] be a locally conformal hyperkähler manifold. Denote by Hom Γ (H) the Lie group of Γ-equivariant hypercomplex homotheties of H, and remark that Hom Γ (H)/Γ coincides with the Lie group Lchk(M) of hypercomplex conformal transformations of M = H/Γ whenever (H, Γ) is the maximal or the minimal presentation. Accordingly, a connected Lie subgroup G of Lchk(M) is twisted Hamiltonian if the identity componentG
• ofG or G
• min of G min is Hamiltonian in the hyperkähler sense. We choose the same term Hamiltonian for both the complex and the quaternionic contexts: the name of Hamilton is of course related both to Hamiltonian mechanics and to quaternions and it doesn't seem appropriate to look for a different term for Hamiltonian maps in quaternionic geometry.
If G is a twisted Hamiltonian subgroup of Lchk(M), the quotient of the hyperkähler momentum mapμ onH is the locally conformal hyperkähler momentum map. Nothing different if we use the minimal presentation instead. • , and reduceH. We then take the hyperkähler reductionH/ / /G
• . The reduction we were looking for is presented by
).
If we want to get rid of the remaining isometries, because they don't give any contribution to the locally conformal part of the structure, we switch to the minimal presentation.
If we start with a subgroup G of Hom Γ (H), and we don't know it appears as a lifting of a free action on H/Γ, we must add the hypothesis that Γ/(G ∩ Γ) be free and properly discontinous on H.
Definition 7.2. Let [(H, Γ)] be a locally conformal hyperkähler manifold. Let G be a connected Hamiltonian subgroup of Hom Γ (H) (this implies that Γ is G-equivariant) with hyperkähler momentum map µ : H → g * ⊗ R 3 . Suppose that µ −1 (0) is non-empty, 0 is a regular value for µ and the action of G is free and proper on µ −1 (0), so that the hyperkähler reduction H/ / /G is defined. Suppose moreover that the action of Γ on H/ / /G be properly discontinous, and that the action of Γ/(Γ ∩ G) on H/ / /G be free. Then
is the reduction of the locally conformal hyperkähler manifold [(H, Γ)].
Using Theorem 6.5 we relate compact locally conformal hyperkähler reduction with compact 3-Sasakian reduction. Remark 7.5. Due to Corollary 7.3, finding examples of compact locally conformal hyperkähler reduction accounts in finding discrete Lie groups Γ of hypercomplex homotheties acting freely and properly discontinously on the hyperkähler cone C(W/ / /G) over a reduced 3-Sasakian manifold W/ / /G, and commuting with the radial flow of this cone. Here W is a simply connected 3-Sasakian manifold. According to Proposition 5.1, Γ splits as a semidirect product of a isometry part I and a "true" homothety part Z = f × ρ , where f is an isometry of (W/ / /G)/I and ρ denotes translations by ρ ∈ R along the radius of C((W/ / /G)/I).
If we prefer the compact setting, we switch to the minimal presentation. Hence, we look for Γ acting on C(W/ / /G), where W is a compact 3-Sasakian manifold. In this case, Γ splits as I ⋊ Z for a finite isometry part I.
The isometry type of C(W/ / /G)/Γ is then related to the isotopy class of f by
In particular, C(W/ / /G)/Γ is a product if and only if f is isotopic to the identity. Example 7.7. Let M = (H n \ 0, Γ) be a quaternionic Hopf manifold, as described in Examples 6.3 and 6.7. Consider the left action of S
This action is Γ-equivariant and Hamiltonian for the standard metric on H n \0, so it is by definition a twisted Hamiltonian action on M. The corresponding 3-Sasakian action (see Corollary 7.3) on S 4n−1 is described by the same Formula (7.2), where in this case (h 1 , . . . h n ) ∈ S 4n−1 . The 3-Sasakian quotient of the sphere is the space (see [BGM98] 
.
Hence, Remark 7.5 implies that the locally conformal hyperkähler quotient is U(n) U(n − 2) × U(1) × U(1).
Remark 7.8. The usual definition of locally conformal hyperkähler structures can be resumed in the requirement for a hyperhermitian structure with fundamental forms Ω i to satisfy dΩ i = ω ∧ Ω i for the same closed Lee form ω. A locally conformal hyperkähler reduction can then be alternatively defined by means of the Lee form ω and its associated twisted differential d ω = d − ω ∧ ·, same way as for the locally conformal Kähler case. This construction is equivalent with the one given above by means of presentations.
Remark 7.9. In the compact case, we can mimic the proof in [HKLR87] to provide a direct construction of the locally conformal hyperkähler quotient. We briefly indicate the argument.
Let (M, [g], I, J, K) be a compact locally conformal hyperkähler manifold, and denote by Ω i the corresponding fundamental forms. Let G be a twisted Hamiltonian subgroup of Lchk(M), and µ = (µ 1 , µ 2 , µ 3 ) the corresponding momentum map. Suppose 0 is a regular value of µ, and that G acts freely and properly on µ
. We show that this is a complex submanifold of (M, I). Indeed, for any x ∈ N, we have T 1 (0). Then, according to [GOP05] , the quotient µ −1 (0)/G is a locally conformal Kähler manifold with respect to the projected conformal class and complex structure. The same argument for J and K ends the proof.
Joyce hypercomplex reduction and HKT reduction
Locally conformal hyperkähler manifolds are first of all hypercomplex manifolds, and it seems natural to ask whether the Joyce hypercomplex reduction given in [Joy91] is compatible with the locally conformal hyperkähler reduction defined in Section 7. Recall that in the hypercomplex reduction the momentum map for the action of a Lie group G on a hypercomplex manifold (M, I, J, K) is defined as any triple of We now discuss the relation between locally conformal hyperkähler reduction and HKT reduction. Recall first that on a hyperhermitian manifold (M, g), a connection D is called hyperkähler with torsion (HKT), if it is hyperhermitian (namely, DI = DJ = DK = 0, Dg = 0 and its torsion is totally skew-symmetric (that is, g(Tor D (X, Y ), Z) is a 3-form).
The following result shows that compact locally conformal hyperkäh-ler geometry (in which the Lee form can be always assumed parallel and unitary) is related to HKT geometry. As a reduction scheme was recently provided for HKT structures (see [GPP02] ), it is natural to discuss the interplay between the two reductions.
Recall that, based on Joyce's hypercomplex reduction (see [Joy91] ), the HKT reduction has the peculiarity that a "good" action of a group of hypercomplex automorphisms does not automatically produce a momentum map. What is proved in [GPP02] is that if a group acts by hypercomplex isometries with respect to the HKT metric and if Joyce's hypercomplex momentum map exists, then the hypercomplex quotient inherits a natural HKT structure. Proof: Let g be the Gauduchon metric of M. Then G acts by isometries for g, thus preserving the corresponding Lee form, and sinceĝ is defined using only G-invariant tensors, then G acts also byĝ-isometries. In this situation µ satisfies Joyce's conditions, hence µ is also a HKT momentum map and the HKT quotient exists. Moreover, the reduced HKT structure lives on the reduced locally conformal hyperkähler manifold. As the projection µ −1 (0) → µ −1 (0)/G is a Riemannian submersion with respect to both the locally conformal hyperkähler and HKT metric, and since the Lee form is projectable, we see that the reduced HKT metric is the one induced by the reduced locally conformal hyperkähler metric.
Compact HKT manifolds don't have a potential, but if the HKT structure is induced by a locally conformal hyperkähler structure, then the Lee form is a potential 1-form as defined in [OPS03] . Thus we have the following Corollary. Remark 8.6. Not all HKT structures are induced by a locally conformal hyperkähler structure, see [Ver03] , so one may ask if the HKT reduction can be induced by a locally conformal hyperkähler structure in such cases.
